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Abstract
Deciding whether or not two curves are congruent under a group of transformations is a
fundamental problem in computer vision. A solution to this problem based on the differential
signatures was proposed by Calabi et al. (Int. J. Comput. Vis. 26: 107-135, 1998). Examples
by Musso and Nicolodi (J. Math Imaging Vis. 35: 68-85, 2009) emphasized that signatures
must be used with caution, as non-congruent curves may have identical signatures. Hickman
(J. Math Imaging Vis. 43: 206-213, 2012, Theorem 2) claimed that all non-degenerate simple
planar closed curves with identical Euclidean signatures are congruent. We show that while
Hickman’s claim holds for simple, closed curves with simple signatures, it fails for curves with
non-simple signatures. In the latter case, we associate a directed graph (a signature quiver) with
the signature and show how various paths along the quiver give rise to a family of non-congruent,
non-degenerate curves with identical Euclidean signatures. With this additional structure, we
formulate congruence criteria for non-degenerate, closed, simple planar curves, and show how a
path along the quiver reflects the structure of the global symmetry group of the corresponding
curve, as well as the structure of its local symmetry groupoid defined by Olver (J. Lie Theory,
26 (1): 235-267, 2016).
Keywords: Closed curves; Euclidean transformations; signature curves; signature graphs (quiv-
ers); object recognition.
MSC: 53A04, 53A55, 68T45.
1 Introduction
Determining whether or not two planar curves are congruent under some group action is an
important problem in geometry and has applications to computer vision and image processing.
To address this problem, the signature curve parameterized by differential invariants was intro-
duced by Calabi, Olver, Shakiban, Tannenbaum, and Haker [4] and has been used in various
applied problems including medical imaging and automated puzzle assembly [1–3, 7, 11]. The
origins of the methods go back to Cartan’s solution of the group equivalence problem for sub-
manifolds under Lie group actions [5]. For a modern exposition see [15, Chapter 8], in particular,
the notion of classifying manifolds.
In this paper, we focus on immersed closed planar curves under actions of the special Eu-
clidean group SE(2) consisting of rotations and translations. If a curve Γ is parameterized by a
periodic map γ : R→ R2 which is at least C3-smooth, then the corresponding signature map is
defined by σγ(t) = (κ(t), κ˙(t)), t ∈ R, where κ is the Euclidean curvature and κ˙ is its derivative
with respect to the arc-length, explicitly given by formulas (2) and (4), in Section 2. The signa-
ture set of Γ (also called the signature of Γ) is the image of σγ(t). In [4], it was stated that two
curves are congruent if and only if their signatures are identical without explicitly mentioning
the necessary regularity conditions. In the case of the special Euclidean group, these regularity
conditions require that a curve has no vertices, i.e. no points where κ˙ is zero. Since every closed
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curve has at least two vertices and a simple closed curve has at least four vertices [6, 8], the
signature congruence criterion does not directly apply to closed curves. In [10], the authors
propose the following augmented procedure for deciding congruence of two closed curves: split
the curves into arcs with no vertices and then decide using the signatures if each arc of the
first curve can be paired with a congruent arc of the second curve. If yes, determine if pairwise
arc congruence can be achieved by a common group element. In [11], the authors successfully
used this multi-step procedure for solving an automated jigsaw puzzle assembly problem. A
more refined study of the structure of the signature sets and signature maps in relation with the
structure of the symmetry groupoid of a submanifold of an arbitrary dimension under an action
of an arbitrary Lie group was conducted by Olver in [16]. We will point out the connection
with this work throughout the paper. However, these previous works do not provide a complete
answer the following important question: what conditions on the signature set and the signature
map are necessary and sufficient to solve the global equivalence problem for submanifolds. The
current paper aims to address this question in a simple, but practically important special case
of closed simple planar curves under the action of the special Euclidean group.
In [14] (Theorem 1), Musso and Nicolodi proved that any closed phase portrait in R2 is the
Euclidean signature of a 1-parameter family of non congruent unit-speed closed, at least C3
smooth curves. This family is constructed by inserting segments of constant curvature (degen-
erate vertices) into a curve. The curves with degenerate vertices are called degenerate, while
closed curves with a finite number of isolated vertices are called non-degenerate. By construc-
tion, the non-congruent families of curves with identical signatures appearing in the proof of
Theorem 1 in [14] contain at most one non-degenerate curve, while the rest are degenerate. It
was subsequently claimed by Hickman in Theorem 2 of [9] that the Euclidean signature can
be used to distinguish non-congruent non-degenerate C3 smooth curves. In Proposition 16 of
the current paper, we confirm that Hickman’s claim is true for simple closed curves with an
additional assumption that the signatures are simple curves1, but as we illustrate by examples
in Section 4, without this additional assumption, the claim fails. In Remark 18 we explain
why the argument given in [9] is not valid for curves with non-simple signatures. It is worth
noting that the cogwheels introduced in Section 5 of [14] and [16] (Example 3.9) also provide
counter-examples to Hickman’s claim, though these examples were created to show that curves
with different symmetry groups may have the same signatures and the non-degeneracy of the
curves was not emphasized.2
In Section 5, we give a general mechanism for constructing families of non-congruent non-
degenerate curves with identical signatures by introducing a directed graph with multiple edges
(a signature quiver) associated with a signature. To each edge we assign a multiplicity and
weight. A path along a signature quiver respects the directions of the edges, and all paths along
the same signature quiver that contain every edge of the quiver, give rise to curves with the
same signature. A path also reflects the size of the global symmetry group of a curve as well
as the size of the local symmetry sets. A deeper exploration of how the structure of the local
symmetry groupoid [16] is reflected in the corresponding path along the signature quiver is an
interesting subject for a future investigation.
The paper is structured as follows. In Section 2, we set up notations and conventions used
in this paper, give the main definitions, and review important known results. In Section 3, we
formulate and prove congruence criteria for non-degenerate closed simple curves. In particular
we show that non-degenerate closed simple curves with identical simple signatures are congruent.
1It is very common for a simple curve to have non-simple signature.
2In [14] the cogwheels are constructed using error functions (likely for computational reasons) and, in fact, the
permutation of cogs produces curves with slightly different signatures. In [16] the explicit formulas are not given, but
the Mathematica code provided by the author shows that the construction was also done in terms of error functions.
In both cases replacing the error functions with smooth bump functions results in families of non-degenerate curves
with identical signatures.
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In Section 4 we construct four non-congruent, non-degenerate, closed, simple, C∞-smooth curves
of equal lengths, identical signatures, and the same signature index, thus providing an explicit
counter-example to the claim in [9]. In Section 5, we associate a quiver to the signature of a
curve. We use this extra structure to formulate a congruence criteria for non-degenerate curves
with non-simple signatures (Theorem 27). We show how various paths on the signature quiver
can be used to generate different non-congruent, non-degenerate curves with the same signature.
In Proposition 23, we show how a path along a quiver encodes information about the global
symmetry group and local symmetry sets of the corresponding curve. In Section 6 we revisit
examples found in [14] and examine them using the additional structure of this quiver.
Maple code that can be used to generate families of non-degenerate non-congruent curves
with identical signatures can be found at egeig.com/research/ncndcis.
2 Euclidean signatures of planar curves
In this section, we set up notations and conventions used in this paper, give the main
definitions, and review important known results.
Throughout the paper, Γ ⊂ R2 is an immersed, at least C3-smooth planar curve, i.e. Γ
is the image of a map γ : R → R2, such that |γ′(t)| 6= 0 for all t and the derivatives of the
components x(t) and y(t) up to order 3 exist and are continuous. The same curve Γ can be
parametrized in different ways, but we will always assume that a parametrization is an immersion
(|γ′(t)| 6= 0 for all t) and we will call such parameterizations regular. We assume that Γ has an
orientation prescribed by the parameterization and we will consider only orientation preserving
reparameterizations. Occasionally, we will restrict the domain of γ to an open (or a closed, or
a half-open) interval I ⊂ R and will call the image of such interval a curve piece.3 If, in the
subset topology, γ(I) is homeomorphic to I, we will call the image an open (or a closed, or a
half-open) curve segment.
A point p ∈ Γ is called a point of self-intersection if there does not exist an open subset
of R2 containing p whose intersection with Γ is homeomorphic to R. We will call Γ simple
if it does not contain any points of self-intersection. Note that simple curves have a turning
number of 1. We will call Γ closed if its parameterization γ is periodic. If Γ is parameterized
by its arc-length then the minimal period of γ, L is the length of Γ. We will mostly focus on
simple closed curves, although some examples of non-closed or non-simple curves will appear.
By SE(2) we denote the special Euclidean group acting on R2 by compositions of rotations and
translations. For g ∈ SE(2) and a curve Γ ⊂ R2, we define a curve g · Γ = {g · p | p ∈ Γ} with
the induced orientation: if γ is a parameterization of Γ, then g ◦ γ is a parameterization of g ·Γ.
In the context of this paper, we give the following definition of congruence:
Definition 1. Oriented planar curves (or curve pieces) Γ1 and Γ2 are called congruent (Γ1 ∼= Γ2)
if there exists g ∈ SE(2), such that Γ2 = g · Γ1, where equality here means equality of the sets
and orientation.
Definition 2. An element g ∈ SE(2) is a symmetry of Γ if
g · Γ = Γ.
It easy to show that the set of such elements, denoted sym(Γ) is a subgroup of SE(2), called the
symmetry group of Γ. The cardinality sym(Γ) is called the symmetry index of Γ and is denoted
by sym-index(Γ).
Note that if Γ is a closed curve, then its symmetry group is a subgroup of the rotation group
SO(2). (See the proof of Lemma 4 in [14] for the explicit formula for the center of rotations).
3The term piece has a slightly different meaning in [16].
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Following [16] (Definition 2.1), we introduce the notion of a local symmetry of Γ based at a
point.
Definition 3. An element g ∈ SE(2) is a local symmetry based at a point p ∈ Γ if there is an
open subset U ⊂ R2, containing p, such that
g · (Γ ∩ U) = (Γ ∩ g · U). (1)
The set of such elements will be denoted sym(Γp). We will call the cardinality sym(Γp) the
symmetry index of Γ at p and denote it by sym-index(Γp)
4
In contrast to the set sym(Γ) of global symmetries, the set of local symmetries sym(Γp),
in general, does not form a group, but a disjoint union of all such sets have a structure of a
groupoid (see Definition 2.4 in [16]). We also note that, even for closed curves, sym(Γp) may
not be contained in SO(2) (see Remark 19 for an illustration).
If Γ is a simple curve with a parameterization γ(t) = (x(t), y(t)), then its classical (signed)
Euclidean curvature at a point p = γ(t) is
κ(t) =
det(γ′(t), γ′′(t))
|γ′(t)|3 =
x′(t)y′′(t)− y′(t)x′′(t)
(x′(t)2 + y′(t)2)
3
2
. (2)
If Γ is not simple, then although κ(t) is well defined for all t, κ(p) can take multiple values at a
point of self-intersection. The arc-length one-form is given by
ds = |γ′|dt =
√
x′(t)2 + y′(t)2 dt. (3)
By ˙ we will denote the derivative with respect to the arc-length dds =
1√
x′2+y′2
d
dt and in
particular we have
κ˙ =
(γ′ · γ′) det(γ′, γ′′′)− 3(γ′ · γ′′) det(γ′, γ′′)
|γ′|6 , (4)
where for better readability we omitted parameter t. It can be easily verified that the value
of κ(p), and κ˙(p) does not depend on the parameterization and so each of these functions can
be thought as a function from Γ to R. If Γ is parameterized by the arc-length parameter
s =
∫ s
0
|γ′(t)|dt then |γ˜′(s)| = 1 (unit speed curve), and κ˙(s) = κ′(s). The following classical
result is fundamental to the study of the planar curves in Euclidean Geometry (see, for instance,
Theorem 2-10 in [8]).
Proposition 4. Let γ1 and γ2 be unit speed parameterizations of curves Γ1 and Γ2 and κ1 : R→
R, κ2 : R → R be the corresponding curvature functions. If there exists c ∈ R, such that
κ1(s) = κ2(s+ c) then Γ1 and Γ2 are congruent. The converse is true if Γ1 and Γ2 are simple.
Remark 5. Figure 1 is illustrates why we need the simple condition for the second statement
in Proposition 4. Due to the non-transversal intersections, this curve allows several unit-speed
parameterizations which induce the same orientation, but are not related by translation, e.g.
we can first trace the middle and then the petals, or conversely, or interlace traveling along the
middle and the petals. The the corresponding curvatures as functions of the arc-length are not
related by a translation, but the flower with a chosen orientation is congruent to itself according
to our definition. We will encounter a similar example later on (see Figure 11f).
In addition, we collect the following known facts, [12, 14], that we will use in the paper:
4In [16], in a much more general setting, the symmetry index at p is defined as the cardinality of the set
sym(Γp)/sym
∗(Γp), where sym∗(Γp) denotes the subset of sym(Γp) consisting of elements that fix p. However,
if p is not a point of self-intersection and Γ is oriented,then under the action of SE(2) the group sym∗(Γp) is trivial.
4
Figure 1: A curve that allows different unit-speed parameterizations with the same orientation
Proposition 6. Let Γ be a closed curve with arc-length parameterization γ(s), and let κ(s)
be the corresponding curvature function. Let L and ` be the minimal periods of γ and κ
respectively. Then
1.
∫ L
0
κ(s)ds = 2piξ, where ξ is the turning number of Γ.
2. If Γ is simple, then
∫ `
0
κ(s)ds =
2pi
m
, where m = sym-index(Γ).
To construct many of our examples, we exploit the following two known lemmas.
Lemma 7. Given any continuous function κ : R → R, there exists a unique curve Γ with a
unit speed parameterization γ : R→ R2, such that γ(0) = (0, 0), γ˙(0) = [1, 0]T , and κ(s) is the
curvature of Γ at the point γ(s).
Proof. To find γ(s), explicitly, we note that the vector-function
T (s) =
[
cos η(s)
sin η(s)
]
, where η(s) =
∫ s
0
κ(τ)dτ (5)
is the unique solution of the Frenet-Serret equation:
T˙ (s) =
[
0 −κ(s)
κ(s) 0
]
T (s) (6)
with initial conditions T (0) = [1, 0]T . The curve
γ(s) =
(∫ s
0
cos η(τ)dτ,
∫ s
0
sin η(τ)dτ
)
(7)
is the unique solution to γ′(s) = T (s) with initial condition γ(0) = (0, 0). Since |T (s)| = 1,
then s is the arc-length parameter and by construction κ(s) is the curvature of Γ at the point
γ(s).
The above lemma is well known and is discussed at the beginning of Section 2 of [14]. We
included full proof because we use (7) and its numerical approximation for constructing explicit
examples. The proof of the following lemma appears in [14] and is useful for identifying, and
constructing closed curves.
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Lemma 8. (Musso and Nicolodi [14], Lemma 4) Let κ : R→ R be a periodic function of class
Ch−2, h ≥ 3, with minimum period `, if
1
2pi
∫ `
0
κ(s)ds =
ξ
m
, (8)
where m > 1 and ξ are two relatively prime integers. Then, the corresponding unit speed curve
γ, given by (7), is closed and ξ is the turning number of γ over the interval [0,m`]. If Γ = Im(γ)
is simple, then ξ = 1 and m is the symmetry index of Γ.
Note that if m = 1 and γ is closed, then L = `. However, it is possible for γ to be open
when m = 1 (see examples in Section 4).
From Proposition 4 and Lemma 8 we have the following immediate but useful corollary.
Corollary 9. Let Γ be a simple closed curve with a unit speed parameterization γ : R → R2
and let κ : R→ R be the corresponding curvature function. Let L and ` be the minimal periods
of γ and κ, respectively. Then m = L` is the symmetry index of Γ.
As in [4], we define the Euclidean signature (SE(2)-signature)5 of Γ to be the planar curve
parameterized by (κ(t), κ˙(t)). In fact, we will use the following related notions:
Definition 10. The signature map of a simple curve Γ is the map σΓ : Γ → R2, defined by
σΓ(p) = (κ(p), κ˙(p)). The signature (the signature set) of Γ is the image of this map: SΓ =
ImσΓ. For a given parameterization γ : R → Γ, a parameterized signature map is defined by
σγ = (κ(t), κ˙(t)) : R→ SΓ.
If Γ is not simple, then σγ is a well defined map, but σΓ can be multivalued at the self-
intersection points. If Γ is simple, then σγ = σΓ ◦ γ. Definition 10 can also be extended to
curve segments. If Γ is a circle (a circular arc) or a straight line (a straight segment), then the
function κ is constant and so the signature degenerates to a point. Otherwise the signature of
Γ is a 1-dimensional subset of R2.
Since for an arc-length parameterization of Γ, κ˙(s) = κ′(s), any signature curve is a phase
portrait – a curve that can be parameterized by a function and its derivative. A phase portrait
can only be traveled to the right when it is above the horizontal axis and to the left if it is
below. Therefore, a signature of a closed curve is a parameterized closed curve with a clockwise
orientation.
It is known that κ and κ˙ are invariant with respect to actions of SE(2). Namely if Γ˜ = g ·Γ
for some g ∈ SE(2) then for any p ∈ Γ, we have
κΓ(p) = κΓ˜(g · p) and κ˙Γ(p) = κ˙Γ˜(g · p).
It immediately follows that the signatures of congruent curves are identical. As it is shown by
examples in [9], [14], and [16], the converse is not always true: non-congruent closed simple
curves may have identical signatures. So it is natural to ask under what conditions, or with
what additional information, signatures can be used to distinguish non-congruent curves. The
notion of a curve-vertex is important in addressing this question.
Definition 11. A point p ∈ Γ is called a vertex if κ˙(p) = 0. A curve with a finite number of
isolated vertices, and no non-isolated vertices is called non-degenerate.
As discussed in [10], signatures of curves with no vertices distinguish non-congruent curves.
In fact, the proof stated in [4] is valid in this case. However, every closed curve has at least
two vertices and simple closed curves have at least four vertices (see [6] for a very informative
exposition of the four vertex theorem and its converse, as well as Theorem 2-18 in [8]).
5Strictly speaking we should call this signature the “special Euclidean signature”, because the full Euclidean group
includes reflections and both κ and κ˙ change sign under reflections and are, therefore, not invariant.
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Figure 2: A closed phase portrait that is not the signature of any non-degenerate closed curve.
Theorem 1 proven in [14] states that, in fact, any closed phase portrait is the signature of a
1-parameter family of non-congruent C3-smooth closed curves. However, all families constructed
in the proof of this theorem, contain at most one non-degenerate curve. In the current paper,
we concentrate on non-degenerate curves. We will show a general mechanism for constructing
families of non-congruent non-degenerate closed curves with the same signature, and formulate
a congruence criteria for such curves.
Remark 12. The signature of a closed curve is always closed, but the converse is not true. In
Figure 2, the signature of the sine curve γ(t) = (t, sin t) is pictured. Although, according to
Theorem 1 in [14], every closed phase portrait (κ(s), κ˙(s)) is the signature of a family of closed
curves, this family is not guaranteed to contain either a simple or non-degenerate curve. In this
example, since the integral of the curvature function over its minimal period is 0, there are no
closed, non-degenerate curves with the signature pictured in Figure 2. Identifying closed phase
portraits that are signatures of closed, non-degenerate and/or simple curves is an interesting
problem.6
As seen in examples in the following sections, the signature of a simple curve does not have
to be simple, and different points on the signature may have an unequal number of pre-images
under the signature map. This more refined information is reflected by local and global indices
of the signature map. Following [14] and [16] we define
Definition 13. The signature index of a non-degenerate curve Γ at p ∈ Γ is
sig-index(Γp) = #σ
−1
Γ (ζ), where ζ = σΓ(p), (9)
while the signature index of Γ is
sig-index(Γ) = min
p∈Γ
{sig-index(Γp)}. (10)
Clearly (10) is consistent with the definition sig-index(Γ) = minζ∈SΓ{#σ−1Γ (ζ)} in [14] (Def-
inition 2). If Γ is a simple curve, and γ : R → Γ is a regular parameterization with a minimal
period L and σγ = σΓ ◦ γ as in Definition 10, then
sig-index(Γ) = min
ζ∈SΓ
{#t ∈ [0, L)|σγ(t) = ζ}. (11)
6For a sufficient condition see Corollary 5 in [14].
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The two curves shown in Figure 7 have unequal symmetry and equal signature indices, but
if Γ is simple, it is true that sym-index(Γ) always divides sig-index(Γ).
Lemma 14. Let Γ be a closed non-degenerate simple planar curve. Then the symmetry index
of Γ divides the signature index.
Proof. Let m = sym-index(Γ) and L be the length of Γ. Since sym(Γ) is a subgroup of SE(2)
and Γ is closed then sym(Γ) is generated by a rotation by 2pim angle about a point C ∈ R2. We
divide Γ into m connected, congruent curves as follows. Fix p0 ∈ Γ and let pi be a point obtained
by rotating p0 by the angle
2pii
m , i ∈ {1, . . . ,m} around C in the direction consistent with the
orientation of Γ. Since Γ is simple p0 6= C, and since C is the only fixed point under rotations,
p1, . . . , pm = p0 are distinct. By construction, Γ is in now subdivided into m congruent curve
segments Γi bounded by pi−1 and pi, i ∈ {1, . . . ,m}. Let γ(s) be an arc-length parameterization
of Γ, such that γ(0) = p0 with the minimal period L. Divide [0, L) into m half open intervals
Ii =
[
(i−1)L
m ,
iL
m
)
, then Γi = γ(Ii).
By Proposition 4, κ|I1(s) = κ|Ii(s + ci), where s ∈ I1, ci = (i−1)m L and i ∈ {1, . . . ,m}.
Therefore σγ |I1(s) = σγ |Ii(s+ ci) and so by (11):
sig-index(Γ) = min
ζ∈SΓ
{#t ∈ [0, L)|σγ(t) = ζ} = m min
ζ∈SΓ
{#t ∈ I1|σγ(t) = ζ}.
Upon developing more machinery, we show in Proposition 23, that at a generic point p ∈ Γ,
sym-index(Γp) = sig-index(Γp) (see also Proposition 3.8 of [16]). As the cogwheels shown in
Figures 20a, 23, and 24 of the current paper illustrate, non-congruent non-degenerate, closed
simple curves of the same length may have identical signatures, global symmetry and signature
indices. Moreover, there is a bijection between any two of these curves, such that the corre-
sponding points have the same same local symmetry and signature indices. Thus additional
information is needed to distinguish non-congruent curves.
3 Congruence criteria for non-degenerate curves
In this section we formulate several congruence criteria for non-degenerate curves. Our proofs
are inspired by arguments given in [9]. We start with the following local congruence criteria.
Proposition 15 (Local Congruence). Let Γ1 and Γ2 be two curves parameterized by γ1 : R→
R2 and γ2 : R→ R2 respectively. Assume there exist open intervals I1 ⊂ R and I2 ⊂ R, such that
the restrictions of the parameterized signature maps σ1 = σγ1 |I1 and σ2 = σγ2 |I2 are injective
and have the same image Sˆ homeomorphic to R. Then the pieces of curves Γˆ1 = γ1(I1) and
Γˆ2 = γ2(I2) are congruent.
Proof. Without loss of generality we can assume that γ1 and γ2 are arc-length parameterizations.
Since a bijective continuous map from an open interval to R is a homeomorphism, it follows
that the composition ρ = σ−11 ◦ σ2 : I2 → I1 is a homeomorphism. Then, restricted to I2, we
have
κ2(s) = κ1(ρ(s)) and κ
′
2(s) = κ
′
1(ρ(s)). (12)
We will first show that ρ : I2 → I1 is differentiable for all s and ρ′(s) = 1 for all s ∈ I2. Let Λ1
denote the subset of s ∈ I1, such that γ1(s) is a vertex of Γ1 and let Λ2 denote the subset of
s ∈ I2, such that γ2(s) is a vertex of Γ2. From (12) it follows that Λ1 = ρ(Λ2). For s0 /∈ Λ2, a
function
α(h) = ρ(s0 + h)− ρ(s0) (13)
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is defined on a sufficiently small interval containing 0. Since ρ is continuous, limh→0 α(h) = 0,
but since ρ is injective, α(h) 6= 0 for h 6= 0. By our assumption of κ2 being C1-smooth, κ′2(s0)
is defined and using the first equality in (12) and (13) we can write:
κ′2(s0) = lim
h→0
κ1(ρ(s0 + h))− κ1(ρ(s0))
h
= lim
h→0
κ1(ρ(s0) + α(h))− κ1(ρ(s0))
h
= lim
h→0
κ1(ρ(s0) + α(h))− κ1(ρ(s0))
α(h)
· α(h)
h
Since κ1 is C
1-smooth, we have
lim
h→0
κ1(ρ(s0) + α(h))− κ1(ρ(s0))
α(h)
= κ′1(ρ(s0)).
Moreover, κ′1(ρ(s0)) 6= 0, because by our assumption ρ(s0) /∈ Λ1. It then follows that limh→0 α(h)h
exists and from (13) it has to be equal to ρ′(s0). Thus ρ is differentiable for all s0 /∈ ρ−1(Λ1).
From (12) and the chain rule ρ′(s) = 1, for all s /∈ Λ2. Since Λ2 is a discrete set and ρ is
continuous this implies that there exists c ∈ R, such that ρ(s) = s+ c. Then the first equality in
(12) implies that κ2(s) = κ1(s+c) and the conclusion of the theorem follows from Proposition 4.
We now show that the congruence criteria statement in [9] is valid for simple closed curves
with simple signatures.
Proposition 16 (Curves with simple signature). Assume Γ1 and Γ2 are simple closed non-
degenerate curves with the same signature S. Assume S is a simple closed curve. Then Γ1 and
Γ2 are congruent.
Proof. Let γ1 and γ2 be unit speed parameterizations of Γ1 and Γ2, respectively and let p1 =
γ1(0) ∈ Γ1 and q0 = σΓ1(p1) ∈ S. Then there exists p2 ∈ Γ2, such that σΓ2(p2) = q0. By
applying a shift in parameterization of Γ2 we may assume that γ2(0) = p2. Let κ1(s) and κ2(s)
be corresponding parameterized curvature functions and `1, `2 their respective minimal periods.
Then σγ1 |(0,`1) and σγ2 |(0,`2) satisfy the assumptions of Proposition 15 and so the open curve
segments Γˆ1 = γ1
(
(0, `1)
) ⊂ Γ1 and Γˆ2 = γ2((0, `2)) ⊂ Γ2 are congruent. From Proposition 4,
it follows that there exists c, such that κ2|(0,`2)(s) = κ1|(0,`1)(s + c). But since both intervals
are minimal periods of the corresponding function and both start with zero, we have c = 0 and
`1 = `2. Then by continuity and periodicity of κ1 and κ2, κ2(s) = κ1(s) for all s ∈ R. Invoking
Proposition 4 again we conclude that Γ1 ∼= Γ2.
Since most of the curves appearing in [14] and [9] and in the current paper have non-simple
signatures, we show on Figure 3 an example of a curve with a very simple signature.
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(a) A simple, closed, non-degenerate curve
Γ with curvature κ(s) = sin(s)+cos(s)+ 15 .
(b) The signature SΓ is a circle.
Figure 3: A simple, closed, non-degenerate curve with simple signature.
We conclude this section with a general congruence criteria. As our subsequent examples
indicate, to establish congruence of curves that have equivalent non-simple signatures, one needs
to pay close attention at how the parameterized signature map traces the signature.
Theorem 17 (Congruence of non-degenerate curves). Let γ1 : R → R2 and γ2 : R → R2 be
parameterizations of non-degenerate curves Γ1 and Γ2, respectively, and σγ1 , and σγ2 the corre-
sponding parameterized signature maps. If there exists a homeomorphism ρ : R→ R, such that
σγ2 = σγ1 ◦ ρ then Γ1 and Γ2 are congruent. If Γ1 and Γ2 are simple then the converse is true
as well.
Proof. We note that the first statement of the theorem is true for arc-length parameterizations
of Γ1 and Γ2 if and only if it is true for arbitrary regular parameterizations of Γ1 and Γ2. Thus
we may assume that γ1 and γ2 are arc-length parameterizations.
First, assume that there exists a homeomorphism ρ : R → R such that σγ2 = σγ1 ◦ ρ. Then
(12) is valid for all s ∈ R. Following the same argument as in the proof of Proposition 15 we
can show that there exists c ∈ R, such that κ2(s) = κ1(s + c). Now the congruence of Γ1 and
Γ2 follows from Proposition 4.
Next, assume Γ1 ∼= Γ2 and are simple. Then there exists g ∈ SE(2), such that γ2 and g ◦ γ1
are two arc-length parameterizations of Γ2. From Proposition 4, it follows that there exists
c ∈ R such that γ2(s) = g ◦ γ1(s + c). Since curvature is invariant under the SE(2)-action, it
follows that κ2(s) = κ1(s+ c). So for the homeomorphism ρ(s) = s+ c, we have σγ2 = σγ1 ◦ ρ,
as desired.
4 Non-congruent, non-degenerate, simple, C∞-curves of
the same length with identical signature
In this section, we start by constructing two non-congruent, non-degenerate, closed, simple,
C∞ curves Γ1 and Γ2 of equal lengths, identical signatures, the same signature index (equal to
6) and the same symmetry group (Z6). These curves provide a counterexample to Theorem 2
in [9] and help to identify a gap in the argument presented in [9] (See Remark 18). We conclude
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this section by constructing two more smooth closed simple curves Γ3 and Γ4 with the same
signature index and length as Γ1 and Γ2, but different symmetry groups: Γ3 has symmetry
group Z3 and Γ4 has the symmetry group Z2.
We start by building two C∞-smooth curvature functions κ1(s) and κ2(s), both with a
minimal period of 8, such that for every integer n, κ2(s) restricted to the interval [2n, 2(n+ 1)]
is a horizontal shift of κ1(s) restricted to the interval [2m, 2(m+ 1)] for some integer m and vice
versa. However, globally κ1(s) and κ2(s) will not be related by a horizontal shift. Functions
κ1(s) and κ2(s), restricted to a minimal period are given in Figure 4 and their explicit formulas
are obtained as follows.
Let r1 < r2 be two real numbers and consider the smooth cutoff function:
hr1,r2(s) =

1 s ≤ r1
e
1
s−r1
e
1
s−r1 +e
1
r2−s
r1 < s < r2
0 s ≥ r2
and its reflection across the line x = r1+r22
gr1,r2(s) =

0 s ≤ r1
e
1
r2−s
e
1
s−r1 +e
1
r2−s
r1 < s < r2
1 s ≥ r2
.
For both hr1,r2 and gr1,r2 , the limit of their derivatives of any order as they approach r1
from the left and r2 from the right is 0 (see [13], Page 42).
Note that due to the symmetry
∫ r2
r1
hr1,r2(s)ds =
∫ r2
r1
gr1,r2(s)ds, we have∫ r2
r1
hr1,r2(s)ds =
∫ r2
r1
e
1
s−r1
e
1
s−r1 + e
1
r2−s
ds =
∫ r2
r1
e
1
r2−s
e
1
s−r1 + e
1
r2−s
ds
=
∫ r2
r1
1− e
1
s−r1
e
1
s−r1 + e
1
r2−s
ds = r2 − r1 −
∫ r2
r1
hr1,r2ds.
And so ∫ r2
r1
hr1,r2ds =
∫ r2
r1
gr1,r2ds =
r2 − r1
2
. (14)
Define a function fr1,r2 : R→ R, by stitching hr1, r1+r22 and g r1+r22 ,r2 together as follows:
fr1,r2(s) =

0 s ≤ r1
g
r1,
r1+r2
2
(s) r1 < s ≤ r1+r22
h r1+r2
2 ,r2
(s) r1+r22 < s < r2
0 s ≥ r2
Then fr1,r2 is a C
∞ function such that fr1,r2(s) ≡ 0 for s /∈ (r1, r2), 0 < f(s) < 1 for s ∈
(r1,
r1+r2
2 ) ∪ ( r1+r22 , r2), and f( r1+r22 ) ≡ 1. Due to (14),∫ r2
r1
fr1,r2(s)ds =
r2 − r1
2
. (15)
On the interval [0, 8] functions κ1, κ2, shown in Figure 4, are defined by:
κ1(s) =
pi
3
(
f0,2 − 2f2,4 + 3f4,6 − f6,8
)
(s) (16)
κ2(s) =
pi
3
(
f0,2 + 3f2,4 − 2f4,6 − f6,8
)
(s) (17)
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and then periodically extended to two C∞ functions on R with a period 8.
(a) Curvature κ1(s). (b) Curvature κ2(s).
Figure 4: Curvature functions (16) and (17) made from scaled cutoff functions.
The corresponding parameterizations γ1 and γ2 defined by (7) are C
∞-smooth, because
they are obtained by the integration and composition of C∞-smooth functions. The plots of
the corresponding curves Γ1 and Γ2 in Figure 5 are obtained via a numerical approximation of
the integrals appearing in (7). These curves are non-degenerate since their curvature functions
κ1 and κ2 only contain isolated critical points which happen exactly at the integer values of
arc-length.
Due to (15),
∫ 8
0
κ1(s)ds =
∫ 8
0
κ2(s)ds =
pi
3 , where κ1 and κ2 are defined by (16) and (17),
respectively. Then, by Lemma 8 these are the curvatures of two closed curves of length 48 and
symmetry index 6.
(a) Γ1 is the image of γ1(s). (b) Γ2 is the image of γ2(s).
Figure 5: The C∞ curves with curvatures κ1 and κ2 given by (16) and (17), respectively.
The signatures of Γ1 and Γ2 are identical, because for every s1 ∈ R, there exists s2 ∈ R such
that
κ1(s1) = κ2(s2) and
dκ1
ds
(s1) =
dκ2
ds
(s2).
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and vice versa. This common signature is presented in Figure 6.
Figure 6: The common signature of non-congruent C∞ curves Γ1 and Γ2.
Remark 18. The above example can be used to illustrate the gap in the proof of Theorem 2
in [9], where it is claimed that two non-degenerate C3 curves with the same signature must be
congruent. The proof relies on Theorem 3 in [9] which, re-written in our notation, claims the
following: Let γ1 : I1 → R2 and γ2 : I2 → R2 be unit speed parameterizations of curves Γ1 and
Γ2 with respective curvature functions κ1 and κ2. Let Λ1 denote the set of s ∈ I1, such that
γ1(s) is a vertex of Γ1. Then Γ1 and Γ2 have identical signatures if and only if there exists a
continuous surjective map ρ : I2 → I1, differentiable for all s /∈ ρ−1(Λ1), such that:
ρ′(s) = 1, for all s /∈ ρ−1(Λ1) (18)
κ2 = κ1 ◦ ρ. (19)
We show that this statement does not hold for curves γ1 : [0, 8] → R2 and γ2 : [0, 8] → R2
constructed in this section (see Figure 5), with curvatures κ1 and κ2 given by (16) and (17)
(see Figure 4). Indeed, assume ρ : [0, 8] → [0, 8] is a continuous map satisfying (18) and (19).
Differentiation of (19), combined with condition (18) implies that
κ2
′ = κ1′ ◦ ρ (20)
for all s /∈ ρ−1(Λ1). Since the set Λ1 is discrete, by continuity (20) must hold for all s ∈ [0, 8].
We note that κ2(1) = 1, κ2
′(1) = 0 and the only value of s ∈ [0, 8], where κ1(s) = 1 and
κ1
′(s) = 0 is s = 1. Therefore from (19) and (20), it must be the case that ρ(1) = 1. Similarly
since κ2(3) = 3 and the only value of s ∈ [0, 8], where κ1(s) = 3 is s = 5, it must be the case that
ρ(3) = 5. If ρ were continuous, then by the intermediate value theorem there exists s0 ∈ (1, 3),
such that ρ(s0) = 3. Then κ2(s0) = κ1(ρ(s0)) = κ1(3) = −2 due to (19). However κ2(s) ≥ 0 for
all s0 ∈ (1, 3). Contradiction implies that ρ can not be continuous.
Next we will use our curvature functions κ1(s) and κ2(s) to define two new curvature func-
tions κ3(s) and κ4(s) restricted to the interval [0, 16] and [0, 24] respectively:
κ3(s) =
{
κ1(s) 0 ≤ s ≤ 8
κ2(s) 8 < s ≤ 16
(21)
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κ4(s) =

κ1(s) 0 ≤ s ≤ 8
κ2(s) 8 < s ≤ 16
κ1(s) 16 < s ≤ 24
(22)
and then periodically extend to two C∞ functions on R with minimal period 16, and 24.
We see that
∫ 16
0
κ3(s)ds =
2pi
3 , and
∫ 24
0
κ4(s)ds = pi and so by Lemma 8 these are curvatures
of two closed curves Γ3 and Γ4 with arc-length parameterization γ3 and γ4 of length 48 and
symmetry index 3 and 2 respectively shown in Figure 7. By the same reasoning above, the
signatures of Γ3 and Γ4 are identical.
(a) Γ3(s) has symmetry group Z3. (b) Γ4(s) has symmetry group Z2.
Figure 7: C∞ curves with same signature curve, and different symmetry groups with curvatures κ3
and κ4 given by (21) and (22), respectively.
Remark 19. We can use the curves constructed in this section to illustrate the notion of
local symmetries based at a point (see Definition 3). Note that for the four curves pictured in
Figures 5 and 7 pieces of the same color are congruent. If we take a point p on a piece of certain
color (say red) then a local symmetry group based at this point is a composition of a rotation
and translation that maps this piece to another piece of the same color (red). Examining more
closely, we see that for the two curves pictured in Figure 5 , the local symmetry set based at
any point coincides with the global symmetry group of the curve, i.e. the group Z6, generated
by rotations by 60 degrees. On the other hand, for points on the curves in Figure 7 that are not
an end-point of a colored curve segment, the cardinality of the local symmetries is 6. Note that
these local symmetries are not contained in the rotation group and so do not form a subgroup
of SE(2).
5 Signature quiver
In Section 4, we constructed our examples by a piecewise reshuffling of the curvature function
under a non-continuous bijection ρ of its minimal period interval [0, `]. In this section, we
provide a general mechanism for constructing examples of non-degenerate non-congruent curves
with identical signatures. We will focus our attention on non-degenerate closed curves, whose
signatures have a finite number of self-intersection points. We will associate a directed graph
that may have loops and multiple edges between vertices (a quiver) to a signature curve and
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show that different paths along the quiver produce non-degenerate non-congruent curves with
identical signatures.
Definition 20 (Signature quiver). Let S be an oriented closed curve with at least one, but a
finite number, of self-intersection points q1, . . . , qn, n ≥ 1. By removing these points from S
we obtain a collection of disjoint curve segments {Si}, i = 1, . . . , N homeomorphic to R. The
quiver ∆S of S is defined as follows. The points, q1, . . . , qn correspond to vertices
7 of ∆S . Each
curve segment {Si}, i = 1, . . . , N corresponds to an edge connecting the appropriate vertices
(corresponding to the end points of the segment {Si} in S), whose direction is dictated by the
orientation of S. If SΓ is the signature of a curve Γ we will call the quiver ∆SΓ the signature
quiver of Γ.
In what follows, we will identify and use the same notation for a quiver-vertex qj and the
corresponding self-intersection point qj ∈ S, as well as for a quiver-edge Si and the corresponding
curve segment Si ⊂ S.
Definition 21 (Path). Given a quiver, we define a path to be a sequence of edges Si1 . . . Sij ,
such that for k = 1, . . . , j − 1, the ending vertex of the edge Sik is the beginning vertex of the
following edge Sik+1 . If the ending vertex of the last edge in a path coincides with the beginning
vertex of the first edge in a path, the path is called closed. We will call closed paths equivalent if
they agree up to a cyclic permutation. Each path induces a multiplicity of an edge - the number
of times an edge is included in the path. If each edge is contained in a path we will call such a
path complete. Two paths along the same quiver are called compatible if they induce the same
multiplicities.
A non-degenerate closed curve Γ induces a complete, closed path on its signature quiver
∆SΓ . Indeed, let γ(t) be a parameterization of Γ with a minimal period L. By possibly a shift
of the parameter, we may assume that σγ(0) is one of the points of self intersection of SΓ. Let
Q be the self intersection points of the signature of Γ. Then σ−1γ (Q) ∩ [0, L] is a finite set of
points which can be ordered as follows 0 = c0 < c1 < · · · < ck = L. This gives rise to a sequence
of edges Si = σγ(Ii), i = 1, . . . , k, where Ii = (ci−1, ci). As t varies from 0 to L, the map σγ
induces a path along ∆SΓ . It is not difficult so see that if µi is the multiplicity of the edge Si
induced by this path, then σ−1γ (Si)∩ (0, L) is the union of µi disjoint open intervals. For simple
curves it follows that any other parameterization γ˜(t), such that σγ˜(0) is a self intersection-
point, induces an equivalent path. Non-simple curves may allow different parameterizations
that induce non-equivalent paths (see Remark 5).
Example 22. The directed graph for the signature curve shown in Figure 6 in Section 4 is
shown below. It has a single vertex and 4 edges (loops). It turns out that the four paths,
induced by curves Γ1, . . . ,Γ4 in Figures 5 and 7 are compatible, inducing multiplicity 6 on each
of the four edges. We find it useful to label each edge by a letter and to use exponents to indicate
the multiplicities of the edges induced by a path. More graphs are shown in the subsequent
sections, including graphs with more than one vertex and with edges with varying multiplicities
(Figures 14).
7A terminology warning: please do not confuse the vertices of the simple planar curve Γ as in Definition 11 and
vertices of the quiver ∆S .
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c6b6 d6a6
Figure 8: The signature quiver for the signature in Figure 6. The superscript on each of the labeled
edges denotes the multiplicity of the paths induced by Figures 5, 7, and 11.
As in Example 22, we will continue to label edges by letters and we will interchangeably
use terms “path” and “word”. We will call a path (a word) W periodic if it can be written
W = (w)m such that m > 1. If the word W is periodic and W = (w)m such that w is not
periodic, then the w is called a minimal repeated subword, while the length of w is called the
minimal period of W . The words generated by the curves Γ1,Γ2,Γ3, and Γ4 in Figures 5 and 7
in Section 4 are (cadb)6, (cdab)6, (cadbcdab)3, and (cadbcdabcadb)2 respectively.
The following proposition shows the relationships between the multiplicities induced by Γ
on its signature quiver and various indices introduced in Section 2
Proposition 23 (Multiplicities and indices). Let Γ be a simple, non-degenerate, closed curve,
whose signature SΓ has finitely many points of self-intersection: q1, . . . , qn, n ≥ 1 (corresponding
to the signature-quiver-vertices). By removing these points from SΓ we obtain a collection of
disjoint open curve segments, {Si}, i = 1, . . . , N (corresponding to the signature-quiver-edges).
For i ∈ {1, . . . , N}, let µi be the multiplicity of the edge Si induced by Γ. Then the pre-image
σ−1Γ (Si), under the signature map consists of µi connected congruent open curve segments
Γ1i , . . . ,Γ
µi
i . For i = 1, . . . N , the local signature index and the local symmetry index for any
p ∈ Γji , j = 1, . . . , µi are equal to µi:
µi = sig-index(Γp) = sym-index(Γp). (23)
In addition, the (global) signature index of Γ:
sig-index(Γ) = min
i=1,..,N
{µi}. (24)
Proof. Let γ : R → Γ be a parameterization of Γ with a minimal period L and σγ = σΓ ◦ γ be
the parameterized signature map defined in Definition 10. By shifting the parameter, we can
always assume that σγ(0) is one of the self intersection points, say q1. Then, since σγ = σΓ ◦γ is
continuous, σ−1γ (Si) ∩ (0, L) is the union of µi disjoint open intervals I1i , . . . , Iµii . Since a phase
portrait has a well defined orientation and the values where κ˙ = 0 are discrete, the restriction of
σγ to each of these intervals is an injective continuous map and therefore is a homeomorphism
on its image Si (the continuous bijection between two sets homeomorphic to open intervals is a
homeomorphism). Since γ is simple, it is also true that γ|Iji is also homeomorphism on its image.
It follows that σ−1Γ (Si) is a collection of open curve segments and the map γ induces a bijection
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between the set {σ−1γ (Si)} and {σ−1Γ (Si)}. We order {Γki }, so that γ(Iji ) = Γji . Again using the
injectivity of the restrictions σγ |Iji (and hence the injectivity σΓ|Γji , we can now conclude that
µi = sig-index(Γp) for any p ∈ Γji , j = 1, . . . , µi. (25)
The second equality in (23) could be derived from a more general Proposition 3.8 of [16],
however we found it instructive to provide an explicit proof in this simpler case. From Proposi-
tion 15, it follows that for any fixed i = 1, . . . , µi, all curve pieces Γ
j
i , j = 1, . . . , µi are congruent.
Therefore, the local symmetry set sym(Γp) contains at least µi elements. On the other hand,
assume that for some j = 1, . . . , µi and p ∈ Γji , there exist an open connected U ⊂ R2, con-
taining p and g ∈ SE(2) satisfying the local symmetry condition (1). We may assume, by
possibly shrinking U , that Γ ∩ U ⊂ Γji and so σΓ(Γ ∩ U) ⊂ Si. Then due to invariance of the
signature map σΓ, we have σΓ(g · (U ∩ Γ)) ⊂ Si. Therefore, there exits k ∈ 1, . . . , µi, such
that g · (U ∩ Γ) = (g · U) ∩ Γ ⊂ Γki . Due to the congruence of these curve pieces, there exists
gˆ ∈ SE(2) be such that gˆ · Γji = Γki . Then g1 = gˆ−1g is a local symmetry based at p, such that
g1 · (U ∩Γji ) ⊂ Γji . Since the signature map is group invariant, we have that for any p1 ∈ U ∩Γji ,
g1p1 ∈ U ∩ Γji and σΓ(p1) = σΓ(g1p1). Since σΓ|Γji is injective, this implies that g1p1 = p1 and
so g1 ∈ SE(2) fixes (i.e. maps to itself) every point of U ∩ Γji . The only element of SE(2) that
can fix every point of a curve segment is the identity. Thus g = gˆ and
µi = sym-index(Γp) for any p ∈ Γji , j = 1, . . . , µi.
Finally, to establish (24), we note that if p ∈ Γ is such that q = Γ(p) is a self-intersection
point of SΓ, then by continuity of σΓ, for any edge Si that originates at q, we have at least µi
distinct pre-images of q under the signature map σΓ. Since every self-intersection point of SΓ
is a starting point for an edge, it follows that sig-index(Γp) ≥ mini=1,..,N{µi}, and then (24)
follows from (10) and (25).
Remark 24. If Γ is not simple, then, in the context of Proposition 23, σ−1Γ (Si) may be a union
of disjoint open curve segments and curve pieces that are not homeomorphic to an open interval
(see, for instances, red pieces of the curve pictured in Figure 10), and the statements about
indices in Proposition 23 may not hold.
We now formulate a symmetry and congruence criteria for non-degenerate curves in terms
of paths they induce on their signature quivers.
Proposition 25 (Symmetry in terms of the signature quiver). Assume Γ is a simple closed non-
degenerate curve, whose signature SΓ has at least one, but a finite number of self intersections.
If Γ induces a word W = (w)m such that w is not a periodic word, then
m = sym-index(Γ)
and so sym(Γ) is the rotation group congruent to Zm.
Proof. Take γ to be an arc-length parameterization of Γ, such that σγ(0) is a self-intersection
point of the signature SΓ and let κ : R → R be the corresponding curvature function. Assume
that L is the minimal period of γ and let ` = Lm . By construction for i = 0, . . . ,m− 1:
κ|[i`,(i+1)`](s) = κ|[0,`](s− i`). (26)
and so ∫ L
0
κ(s)ds = m
∫ `
0
κ(s)ds = 2pi, (27)
and the conclusion follows from Lemma 8.
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Example 26. The four curves constructed in Section 4 have the signature quiver pictured on
Figure 8. The two curves in Figure 5 induce words (cadb)6, and (cdab)6, respectively, while the
two curves in Figure 7 induce words (cadbcdab)3 and (cadbcdabcadb)2, respectively. Both curves
in Figure 5 have the symmetry group Z6, while the curve in Figure 7a has symmetry group Z3,
and the one in Figure 7b has symmetry group Z2. We observe that the exponent on a minimal
repeated subword is the symmetry index of the corresponding curve.
Theorem 27 (Congruence in terms of signature quivers). Assume Γ1 and Γ2 are closed non-
degenerate curves with the same signature S. Assume S has at least one, but a finite number
of self intersections. If the curves Γ1 and Γ2 induce the same path on ∆S then Γ1 and Γ2 are
congruent. If Γ1 and Γ2 are simple then the converse is true as well.
Proof. The second statement follows from Proposition 4. For the first statement, let Si1 , . . . , Sik
be the closed path on ∆S generated by Γ1 and Γ2. Here Sij denotes both the edge of the quiver
and the corresponding open segment of the curve S. There exist unit speed parameterizations
γ1 and γ2 of Γ1 and Γ2, respectively, such that σγ1(0) = σγ2(0) correspond to the starting
quiver-vertex of Si1 . Let L1 and L2 be the minimal periods of γ1 and γ2 respectively, and Q be
the set of self intersection points of S. As in the discussion preceding this proposition, we let
0 = c1;0 < c1;1 < · · · < c1;k = L1 be the ordered finite set of points [0, L1]∩σ−1γ1 (Q) and similarly
let, 0 = c2;0 < c2;1 < · · · < c2;k = L2 be the ordered finite set of points [0, L2] ∩ σ−1γ1 (Q).
Let I1;r = (c1;r−1, c1;r) and I2;r = (c2;r−1, c2;r) for r = 1, . . . , k. Then Sir = σγ1(I1;r) =
σγ2(I2;r) and σγ1 |I1;r , σγ2 |I2;r are injective maps. From Proposition 15, for each r = 1, . . . , k,
the curve segments Γ1;r = γ1 (I1;r) and Γ2;r = γ1 (I2;r) are congruent. Proposition 4 implies
that the corresponding curvature functions are related by a shift: for each r = 1, . . . , k there
exits a constant dr ∈ R, such that κ2|I2;r (s) = κ1|I1;r (s+ dr).
Since σγ1(0) = σγ2(0), we have κ2(0) = κ1(0) and so d1 = 0. It follows that c2;1 = c1;1 and
can be denoted c1. By continuity of the curvature functions it follows that κ2(c1) = κ1(c1), so
d2 = 0 and continuing inductively we get that L1 = L2 and κ1|[0,L] = κ2|[0,L]. Since L is a
(possibly non-minimal) period of both κ’s we conclude that κ1(s) = κ2(s) for all s ∈ R. Then
by Proposition 4, Γ1 ∼= Γ2.
Our next goal is to show that any path W (compatible or not) on the signature quiver ∆SΓ of
a curve Γ gives rise to a non-degenerate curve ΓW whose curvature κW is a C
1-smooth function
obtained by a piece-wise reshuffling of the curvature of Γ, as we define rigorously below.
Corollary 28. Any path W (compatible or not) on the signature quiver ∆SΓ of a curve Γ
induces a non-degenerate curve ΓW that is unique up to actions of SE(2).
Proof. Assume {S1, . . . , SN} is the set of edges of ∆SΓ and the word (path) W is an ordered
sequence of edges Si1 , . . . , Sik , where the edges may repeat. Let qir−1 and qir be the beginning
and the ending quiver-vertices of edge Sir respectively. An edge Sir corresponds to an open curve
segment of the signature SΓ whose end points are points of self intersection of the signature. Let
γ again be a unit speed parameterization of Γ and κ be the corresponding curvature function. As
we discussed before, for each r, σ−1γ (Sir ) is a union of disjoint intervals, such that the restrictions
of κ to any two of these intervals are related by a shift in the parameter. For each r = 1, . . . , k, we
choose one of such intervals Ir = (ar, br). By construction we have that σγ(br) = σγ(ar+1) = qir
for r = 1, . . . , k − 1 and since σγ(s) = (κ(s), κ˙(s)), we have
κ(br) = κ(ar+1) and κ˙(br) = κ˙(ar+1). (28)
In addition, if W is a closed path, we have
κ(bk) = κ(a1) and κ˙(bk) = κ˙(a1). (29)
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We construct κW by reshuffling the restrictions κ|Ir as follows. Let
c0 = 0, c1 = b1 − a1, . . . , ck =
k∑
j=1
(bj − aj).
We define a function κW on the interval [c0, ck], by
κW (ck) = κ(bk) and κW (s) = κ(s+ ar − cr−1), for r = 1, . . . , k and s ∈ [cr−1, cr). (30)
It follows from (30) that
lim
s→cr−
κW (s) = κ(br) and lim
s→cr−
κ˙W (s) = κ˙(br), for r = 1, . . . , k (31)
lim
s→cr+
κW (s) = κ(ar+1) and lim
s→cr+
κ˙W (s) = κ˙(ar+1), for r = 0, . . . , k − 1. (32)
From (28) it follows that κW is a C
1-smooth function on [c0, ck]. Moreover, if W is a closed
path, then due to (29) κW can be periodically extended to a C
1-smooth function on R. Using
κW in (7) we obtain a unit speed curve ΓW if κW is extended to R, or a curve piece otherwise.
By Theorem 27 this curve is unique under actions of SE(2).
Remark 29. In the context of the Corollary 28, rather than starting with a quiver associated
with the signature of a specific curve Γ, we could start with a periodic C1-smooth function
κ(s), with finitely many critical points per period, and consider various paths on the quiver
associated with the phase portrait (κ(s), κ˙(s)). The resulting curves will be non-degenerate,
but as discussed in Remark 12, we are not guaranteed to be able to generate any closed or
simple curves. Note also that once we have chosen κ(s), then by Lemma 7, there is a unique,
up-to SE(2)-action, curve Γ whose curvature is κ(s), and so starting with a phase portrait is
essentially equivalent to starting with a curve.
Remark 30. In the context of the above construction, if the path W is complete (i.e. includes
each edge of ∆SΓ) the signature of curve (curve piece) ΓW equals SΓ. However, the following
examples show, that although we start with a closed simple curve Γ, and even if we take W to
be compatible with the word generated by Γ, the curve ΓW obtained by the above construction
does not have to be simple, or closed.
Example 31. In Section 4, four closed simple curves with the signature shown in Figure 6 have
been constructed, and the corresponding signature-quiver is shown on in Figure 8. A compatible
non-periodic path cadbcdabcdabcadbcadbcdab gives rise to an open curve piece shown in Figure
9 with the same signature.
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Figure 9: An open curve with the signature curve in Figure 6, induced by the non-periodic com-
patible closed path cadbcdabcdabcadbcadbcdab on the quiver in Figure 8.
A compatible path (cabdcdabcabd)2 gives rise to a non-simple closed curve shown in Figure
10.
Figure 10: A non-simple curve with the signature curve in Figure 6 induced by the word
(cabdcdabcabd)2.
To formulate a sufficient condition for ΓW to be closed, we will find it useful to assign a
weight to each edge of the signature quiver ∆SΓ as follows (compare with Section 4 of [16]). As
was pointed out in the proof of Proposition 23, for every i = 1, . . . , N and each j = 1, . . . , µi,
the restrictions of γ to intervals I1i and I
j
i satisfy the hypothesis of Proposition 15, and so the
corresponding curve segments Γ1i = γ(I
1
i ) and Γ
j
i = γ(I
j
i ) are congruent. Then by Proposition 4,
the corresponding curvatures are related by a shift: there exits a constant cji , such that κ|Iji (s+
cji ) = κ|I1i (s). Hence for each j = 1, . . . , µi, we have
∫
Iji
κ(s)ds =
∫
I1i
κ(s)ds, and so with each
Si we can associate weight
ωi =
∫
I1i
κ(s)ds. (33)
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From the definitions of multiplicity and weight, it follows that
N∑
i=1
µiωi =
∫ L
0
κ(s)ds. (34)
Proposition 32 (Closed-curves). Let Γ be a closed, non-degenerate, curve with turning number
ξ. Let ∆SΓ be the signature quiver of Γ with edges Si equipped with multiplicities µi and weights
ωi, defined by (33), i = 1, . . . , N . Let W = (w)
m be a closed path (compatible or not) along
∆SΓ , such that m > 1 and w is not periodic. A path W assigns the multiplicity µ˜i to an edge
Si, equal to the number of times the edge appears in the path (if the edge Si is not included in
the path, then µ˜i = 0). Let ΓW be the curve with the curvature function κW defined by (30).
If
N∑
i=1
µ˜iωi = 2piξ, (35)
then ΓW is a closed curve with turning number equal to ξ, symmetry index equal to m and
signature index equal to min
i=1,...,N
µ˜i.
Proof. Let LW be the minimal period of the unit speed parameterization γW (s) associated with
κW (s). Then ` =
LW
m is the minimal period of κW . By construction for i = 0, . . . ,m− 1:
κW |[i`,(i+1)`](s) = κW |[0,`](s− i`). (36)
and so, using (34) for the second to last equality and (35) for the last equality:∫ `
0
κW (s)ds =
1
m
∫ LW
0
κW (s)ds =
1
m
N∑
i=1
µ˜iωi = 2pi
ξ
m
.
The conclusion now follows from Lemma 8.
Remark 33. In the context of Proposition 32, if W is a compatible word (i.e. µ˜i = µi), then,
since Γ has turning number ξ, (35) is satisfied and so the conclusion of the proposition holds.
We conclude this session with two collections of non-congruent non-degenerate closed curves
with the same signature curve shown in Figure 6, induced by various compatible and non-
compatible paths on the signature quiver in Figure 8.
Example 34. In Figure 11 we show a collection of non-congruent non-degenerate closed curves
with the same signature curve shown in Figure 6, induced by various compatible paths on the
signature quiver in Figure 8. All curves in this example have signature index 6.
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(a) The curve induced by the
word (cabd)6.
(b) The curve induced by the
word (cbdadbac)3.
(c) The curve induced by the
word (cbdacbadcabd)2.
(d) The curve induced by the
word (cbdaadbc)3.
(e) The curve induced by the
word (cbdacdbacbda)2.
(f) The curve induced by the
word (cbddabac)3. Note that the
intersections lead to an ambigu-
ity in parameterization and this
curve is also induced by the word
(cccbddabac)3.
Figure 11: Non-congruent curves with signature curve in Figure 6 induced by compatible paths on
the signature quiver in Figure 8.
Example 35. We now show how carefully chosen non-compatible paths along the quiver in
Figure 8 generate closed, non-degenerate, non-congruent curves with the signature pictured in
Figure 6. To this end, we consider a non-compatible closed periodic word W = (w)m, m > 1,
such that each of the N letters (edges) in the quiver appears at least once. Assume the i-th
letter appears µ˜i times in W and that the corresponding edge has weight ωi (see (34)). If W
is chosen so that
N∑
i=1
µ˜iωi = 2pi then by Proposition 32, the curve ΓW induced by W is closed
with the symmetry-index m. Note that in this example, edge a (blue) has weight − 2pi3 , edge b
(purple) has weight −pi3 , edge c (red) has weight pi3 , and edge d (green) has weight pi.
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(a) The curve induced by the non-compatible
word (cbdacacccbda)2 with signature index 4 and
symmetry index 2.
(b) The curve induced by the non-compatible
word (cbdacacc)3 with signature index 3 and
symmetry index 3.
(c) The curve induced by the non-compatible
word (cacccbdacacc)2 with signature index 2 and
symmetry index 2.
(d) The curve induced by the non-compatible
word (ccabdacc)3 with signature index 3 and
symmetry index 3.
Figure 12: Non-congruent curves with signature in Figure 6 induced by non-compatible paths on
the signature quiver in Figure 8.
6 More examples
In this section, we revisit examples appearing in Sections 3 and 5 of [14]. In Section 6.1,
we use the example in Section 3 of [14] and, considering various compatible paths along their
signature quiver, construct non-degenerate curves with identical signatures. In Section 6.2,
following general ideas in Section 5 of [14], we construct a different set of cogwheels, based on
trigonometric functions. In contrast with our previous examples, these cogwheels have trivial
global symmetry groups.
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6.1 Curves with different order of smoothness
In this section, we construct five non-congruent curves with identical signatures, lengths,
signature index, and symmetry groups. As in [14], only one of the curves is C∞-smooth and, in
fact, analytic, while the rest are only C3-smooth. Note that the signature appearing in Section 4
(see Figure 6) had a single point of self-intersection at the origin, and so the corresponding points
on curves constructed in that section are curve-vertices (points where κ˙ = 0). In contrast, the
signature appearing in this section (see Figure 14) has four self-intersection points all off the
horizontal axis, and so these points do not correspond to the vertices of the curves.
Using Example 1 of [14] on page 73 in Sect. 3.3, we take the periodic function
κ1(s) =
1
2
(sin(s)− cos(3s))− 1
5
(37)
to be the curvature function of γ1 with minimal period 2pi and examine the signature curve and
signature quiver in Figure 14.
(a) Curvature κ1.
(b) Curve Γ1, corresponding to parameteriza-
tion γ1.
Figure 13: Curvature function (37) and corresponding curve.
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Figure 14: The Euclidean Signature
of Γ1.
h5
a5
g5
b5 e5d5
c5
f5
Figure 15: The quiver for the signature
in Figure 14. The superscript on each of
the labeled edges denotes the multiplicity
of the paths induced by Figures 13b, 16b,
17b, 18b, and 19b.
Our original curve Γ1 pictured in Figure 13b induces by the word (bhfdgace)
5 on the quiver
in Figure 13b. Since the multiplicity on each edge is 5, the only option for compatible periodic
words is to have symmetry index 5. Through an analysis of the quiver, we find that there
are exactly 4 other such words, distinct up to a cyclic permutation, inducing another 4 non-
congruent curves with the signature pictured in Figure 15. All five curves constructed in this
sections have the symmetry and the signature index equal to 5.
(a) Curvature κ2. (b) Corresponding Curve Γ2.
Figure 16: Curvature and Curve induced by word (bhacedgf)5.
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(a) Curvature κ3. (b) Curve Γ3.
Figure 17: Curvature and Curve induced by word (bhfcgfde)5.
(a) Curvature κ4. (b) Curve Γ4.
Figure 18: Curvature and Curve induced by word (bcedgfahf)5.
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(a) Curvature κ5. (b) Curve Γ5.
Figure 19: Curvature and Curve induced by word (bcgahfde)5.
6.2 Non-degenerate Cogwheels
Section 5 of [14], introduces n-cogwheels to construct simple closed curves with identical
signatures and signature index, but with different symmetry groups. Here we introduce non-
degenerate cogwheels which are constructed to have a simpler signature quiver than the ones
arising in [14]. Also note that while the cogwheels in [14] were built using error functions
(which can be replaced with smooth bump functions), cogwheels appearing here are built using
a trigonometric function. It is also worth noticing that the global symmetry group for every
cogwheel pictured in this section is trivial. The cogwheel pictured in Figure 26a has signature
index 2, while the rest have signature index 3. The induced multiplicities of the edges of the
signature quiver are the same for all these cogwheels except except for the cogwheels pictured
in Figures 26a and 26b. Moreover, for any two cogwheels shown in Figures 20a, 23, and 24 one
can define a bijection, such that the corresponding points have the same same local symmetry
and signature indices.
The construction starts with a choice of n ∈ Z+ and partition of the intervals [0, 2pi] into
n-sub-inervals
Ij =
[
2(j − 1)pi
n
,
2jpi
n
]
, j = 1, . . . , n.
For each j ∈ 1, . . . , n prescribe a positive constant aj ∈ Z+, and consider the function
rj : R→ R≥0 with support in Ij .
rj(t) =
{
a−2j (1− cos(najt)) t ∈ Ij
0 t /∈ Ij
Let r0 be a positive constant and let ρ : R → R+ be the unique periodic extension, with
period 2pi, of the function
r0 +
n∑
j=1
rj : [0, 2pi]→ R+.
Since rj is C
∞ on the interior of Ij for every j then so is ρ. At the endpoints of the intervals Ij
one can directly check that
ρ(
2jpi
n
) = r0, ρ
′(
2jpi
n
) = 0, ρ′′(
2jpi
n
) = n2, and ρ′′′(
2jpi
n
) = 0 for all j ∈ {0, . . . , n}.
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Note that fourth derivatives do not exist at the endpoints of Ij , so the resulting curves will be
strictly C3-smooth. We define the C3, non-degenerate, simple, closed curve Γ, by the parame-
terization:
γ(t) = ρ(t)(cos t, sin t)
(a) A non-degenerate cogwheel Γ1 with n =
4.
(b) The curvature κ1 of Γ1.
Figure 20: A Cogwheel and its curvature.
According to Definition 3 in [14], the curve Γ1 is an example of an n-cogwheel with radial
function ρ, and inner radius r0. The j-th section (j-th cog) has aj teeth. The radial changes
in the j-th cog is given by the function rj . For an example see Figure 20a, a non-degenerate
cogwheel with r0 = 1, n = 4, a1 = 3, a2 = 4, a3 = 5, a4 = 6.
For j = 1, . . . , n, on the interval Ij , the curvature function is given by:
κ(t) =
||γ′||2a2j − (a2jn2r0 + n2) cos(najt) + n2
||γ′||3a2j
, t ∈ Ij ,
where
||γ′|| =
√
(1− a2jn2) cos2(najt)− (2r0a2j + 2) cos(najt) + r20a4j + (n2 + 2r0)a2j + 1
a4j
.
The Euclidean signature and signature graph of Γ1 is shown in Figures 21 and 22.
28
Figure 21: The signature for the
non-degenerate cogwheel in Figure
20a.
a3 b4 c5 d6
Figure 22: The signature quiver for
the signature in Figure 21. The
superscript on labeled edges denote
the multiplicity of the path induced
by Figure 20a.
By Lemma 6 in [14], a permutation of cogs yields non-degenerate cogwheels with the same
signature which corresponds to different compatible words from paths on ∆SΓ1 such that the
same letters are grouped together. The word that induces Γ1 is a
3b4c5d6 and the words inducing
the cogs in Figures 23 and 24 correspond to a permutation of cogs.
(a) The non-degenerate cogwheel Γ2 in-
duced by the word a3c5b4d6. (b) The curvature κ2 of Γ2.
Figure 23: A non-degenerate cogwheel and its curvature, non-congruent to Γ1.
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(a) The non-degenerate cogwheel Γ3 in-
duced by the word a3c5d6b4. (b) The curvature κ3 of Γ3.
Figure 24: A non-degenerate cogwheel and its curvature, non-congruent to Γ1 and Γ2.
However there are many other compatible paths allowed on ∆SΓ1 that correspond to per-
muting individual teeth as seen in Figure 25. These result in non-congruent curves with the
same signature. Additionally, closed curves can be generated from non-compatible paths using
the weights of each edge as seen in Figure 26.
(a) Curve induced by the compatible word
ab4ac5ad6.
(b) Curve induced by the compatible word
bcdbdbacacdadcdbcd.
Figure 25: Curves obtained by a permutation of individual teeth of a non-degenerate cogwheel.
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(a) Cogwheel induced by non-compatible
word a2b4c5d8.
(b) Curve induced by non-compatible word
a3b6c5d3.
Figure 26: Non-congruent curves with signature curve in Figure 21 induced by non-compatible
words.
Acknowledgments: We are grateful to Peter Olver for pointing out the relationship be-
tween the cardinalities of local symmetry sets of a curve and multiplicities of the edges of its
signature quiver and to Ekaterina Shemyakova for suggesting we use the term quiver for the
graph associated with the signature. We thank NSF conference grant DMS-1311743 for provid-
ing travel funding to present an earlier version of this paper at DART X conference.
References
[1] Mireille Boutin, Numerically invariant signature curves, Int. J. Computer vision 40 (2000),
235–248.
[2] Alfred M. Bruckstein, Nir Katzir, Michael Lindenbaum, and Moshe Porat, Similarity-
invariant signatures for partially occluded planar shapes, Int. J. Comput Vision 7 (1992),
no. 3, 271–285.
[3] Alfred M. Bruckstein and Arun N. Netravali, On differential invariants of planar curves and
recognizing partially occluded planar shapes, Ann. Math. Artificial Intelligence 13 (1995),
no. 3-4, 227–250. MR 1335735
[4] Eugenio Calabi, Peter J. Olver, Chehrzad Shakiban, Allen Tannenbaum, and Steven Haker,
Differential and numerically invariant signature curves applied to object recognition, Inter-
national Journal of Computer Vision 26 (1998), no. 2, 107–135.
[5] E´. Cartan, Les proble`mes d’e´quivalence, Oeuvres completes, II, pp. 1311-1334, Gauthier-
Villars, Paris, 1953.
[6] Dennis DeTurck, Herman Gluck, Daniel Pomerleano, and David Shea Vick, The four vertex
theorem and its converse, Notices Amer. Math. Soc. 54 (2007), no. 2, 192–207. MR 2285124
[7] Anna Grim and Chehrzad Shakiban, Applications of signature curves to characterize
melanomas and moles, Applications of computer algebra, Springer Proc. Math. Stat., vol.
198, Springer, Cham, 2017, pp. 171–189. MR 3696633
[8] Heinrich W. Guggenheimer, Differential geometry, McGraw-Hill Book Co., Inc., New York-
San Francisco-Toronto-London, 1963. MR 0156266
31
[9] Mark S. Hickman, Euclidean signature curves, Journal of Mathematical Imaging and Vision
43 (2012), no. 3, 206–213.
[10] Daniel J. Hoff and Peter J. Olver, Extensions of invariant signatures for object recognition,
Journal of Mathematical Imaging and Vision 45 (2013), no. 2, 176–185.
[11] , Automatic solution of jigsaw puzzles, J. Math. Imaging Vision 49 (2014), no. 1,
234–250. MR 3180965
[12] Wolfgang Ku¨hnel, Differential geometry, Student Mathematical Library, vol. 77, American
Mathematical Society, Providence, RI, 2015, Curves—surfaces—manifolds, Third edition
[of MR1882174], Translated from the 2013 German edition by Bruce Hunt, with corrections
and additions by the author. MR 3443721
[13] John M. Lee, Introduction to smooth manifolds, second ed., Graduate Texts in Mathematics,
vol. 218, Springer, New York, 2013. MR 2954043
[14] Emilio Musso and Lorenzo Nicolodi, Invariant signatures of closed planar curves, Journal
of Mathematical Imaging and Vision 35 (2009), no. 1, 68–85.
[15] Peter J. Olver, Equivalence, invariants and symmetry, Cambridge University Press, 1995.
[16] , The symmetry groupoid and weighted signature of a geometric object, J. Lie Theory
26 (2016), no. 1, 235–267. MR 3391352
32
